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Abstract-The asymptotic scheme for the analysis of dilute elastic composites, which includes
circular inclusions with imperfect bonding at the interface is presented. Interface is characterized by
a discontinuous displacement field across it, linearly related to the tractions. The problem of a
linear-elastic, circular inclusion with generic loading condition at infinity is solved, and used to
analyze effective elastic moduli of composite materials. Effects due to the interaction of a small
circular defect and a crack are investigated. It is shown that interfacial stiffness has a strong effect
on the crack path and therefore may be an important design parameter for composites. © 1998
Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

The description of the mechanical behaviour of fibrous and particulate-reinforced materials
is crucial for design purposes. In these materials, the inclusions may often be imperfectly
bonded to the matrix, owing to several reasons. In some cases, a thin layer, called interphase,
is introduced to improve the performance of the composite. In other cases, the interphase
may be the product ofchemical interaction between phases or localized mechanical damage
of one or both phases (see the detailed discussion by Aboudi, 1991). It is obvious that such
interface conditions have a strong effect on the mechanical behaviour of the composite. In
the last few years, strong research efforts have been devoted to analyze interfaces from the
mechanical point of view. In particular, many different models of interfacial behaviour can
be defined. The simplest of these models is the linear interface, in which a linear relationship
holds at the interface between the traction vector and the displacement jump. This interfacial
constitutive law has been formulated by Jones and Whittier (1967) and may be viewed as
a simplification of the behaviour of a thin, soft elastic layer (Goland and Reissner, 1944; a
rigorous proof of this in terms of asymptotic analysis has been found by Klarbring, 1991
and Geymonat and Krasuki, 1996 and is also given here in a different way). The model of
linear interface has been employed by Mal and Bose (1974), Hashin (1990, 1991, 1992),
Levy (1991), Qu (1993), Lipton and Vernescu (1995), and Lipton (1997) in homogenization
problems, by Suo et at. (1992) and Bigoni et at. (1997) in determining the bifurcation loads
of layered elastic structures subject to large strain, and by Tullini et at. (1997) in the Saint
Venant analysis of layered elastic plates.

A special mention is deserved for the recent work of Gao (1995) who has solved the
circular inclusion problem with linear interface subject to homogeneous remote strain.
In the present article, this result is obtained with a different technique (the Kolosov
Muskhelishvili complex potentials) and generalized to generic conditions at infinity. In
particular, the plane elastic problem of a circular inclusion connected with a linear interface
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to an infinite medium is considered. A generic loading at infinity is assumed, consisting in
a displacement field representable as an analytic function of the position. This is a gen
eralization ofthe Eshelby (1957) condition, where a homogeneous deformation is prescribed
at infinity. The importance of this generalization, employed also in (Sendeckyj, 1970; Yu
and Sendeckyj, 1974 and Gong and Meguid, 1993), may be related to the possibility of
analyzing complex loading situations, such as the case of a bending stress field. As emphas
ized in (Achenbach and Zhu, 1989; Gao, 1995), the model of linear interface may predict
(depending on the loading conditions, material and interfacial stiffness parameters) an
unphysical overlapping between the two media in contact. This problem is not addressed
here, except that we present the asymptotic derivation of the linear interface model, rep
resented as an elastic layer of small stiffness and thickness. This analysis may shed light on
the limits of the model.

In closure of this paper, the solution relative to the imperfectly bonded interface is
employed in two problems, namely, determination of crack trajectory in a brittle elastic
matrix with defects and determination of overall properties of a dilute-composite material.
The latter problem may be analyzed in different ways: for instance using the variational
technique of Hashin and Shtrikman (1963). Alternatively, following the approach of
Movchan and Serkov (1997), the matrix of effective elastic moduli of dilute, periodic
composites £* may be written in the form

where £0 corresponds to the matrix material, f is the volume fraction of inclusions and fl}

is the P61ya-Szego matrix, which depends on the elastic constants of matrix and inclusion,
on the stiffness coefficients of the interface and on the radius of inclusion. Obviously, when
fl} is zero, the effective elastic moduli coincide with elastic moduli of the matrix. One of the
interesting results of this paper is that the P61ya-Szego matrix may in fact become identically
zero for inclusion stiffer than the matrix and an appropriate choice of the interface stiffness
parameters. A similar result was obtained independently by Lipton and Vernescu (1995)
for all volume-fractions, but for special interfacial and loading conditions. This and other
results presented in this article show the strong effect of interfacial compliance. For instance,
in the analysis of crack inclusion interaction it can be pointed out that interface stiffness
practically "controls" the shape of crack trajectory, particularly for inclusions stiffer than
the matrix. Therefore, when the interfacial mechanical characteristics can be used as design
parameters for a composite, results of this paper can be applied to provide a best estimate
for overall toughness of the material.

2. ASYMPTOTIC DERIVATION OF CONSTITUTIVE EQUATIONS OF LINEAR
INTERFACE

In this Section an asymptotic expansion is presented for the solution of an isotropic
elastic circular inclusion in an isotropic-elastic plane, coated by a cylindrically-anisotropic,
finite-thickness elastic layer. This asymptotic procedure yields the stiffness constants of the
linear interface model, that will be used in the following sections. This model is here
obtained as the behaviour of a thin, soft, elastic layer in the limit when the layer thickness
and stiffness tend to zero. This limit can also be derived through a mixed variational
principle in the case of isotropic interphase (Klarbring, 1991) and using the r-convergence
technique for anisotropic interphase (Geymonat and Krasucki, 1996; see also Acerbi and
Buttazzo, 1986a, b). We use the following notation for the geometry of the domain: 3 1 is
the circular inclusion, 3 2 the interphase, and 3 3 the remaining part of infinite domain. The
inclusion and the infinite plane are isotropic elastic solids, respectively characterised by the
Lame constants /11' AI> and /13, A3' The interface is assumed, for generality, to be cylindrically
anisotropic (in the plane) and therefore characterized by the constitutive equation
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a = Yf'8,

where (1 and 8 are vectors collecting the components of stress and strain tensors, i.e.

and
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which depends on four stiffness coefficients (in the particular case of isotropic elasticity
C rr = A+2Jl, C rO = COr = A and GOr = Jl). Therefore, the elasticity problem in compound
domain can be formulated as

(2)

where Lro(o) is the Navier operator written in the polar coordinate system. In matrix form
it can be represented as

Lro(O):= 0 1Yf'0~ (0),

[O+! 110] [0 1 1 0 ]---
or r r I(; oe2) , D, ~ 0, r J2 r oe

0 1 =
I a I a 1 ai'

0 -- - -+~ 0 -- J2(or -~)roe J2 or r roe

where Yf' is given by eqn (1) for the interphase, whereas for the matrix and inclusion

(

J. +2Jl A 0 )
Yf' = A A+2Jl 0 .

o 0 2Jl

The conditions at the outer and inner boundaries of the interphase correspond to a
perfectly bonded interface:

(1(O)(u(l)) = a(0)(u(2)), U(I) = U(2), as r = R

a(O)(u(3)) = a(0)(u(2)), u(3) = U(2\ as r = R+B, (3)

where c; is the thickness of the interphase, a(o) is the traction vector relative to the radial
unit vector D.

Solution of the above formulated problem is sought in the form of the asymptotic
series:

CN

u(l) = L BiU}!),

i=O

CN

U(2) = L c;iu }2) ,
;=0

CN

U(3) = L BiUP).

;=0

Let us introduce the scaled ("fast") variable p defined as
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where R is the radius of the inclusion, and let us apply this variable in the interphase (region
2) only. Then the equilibrium equations inside this region can be expanded via different
powers of e with the leading term

The solution of system (4) can be found in the form

(U~:6) (A(e)p+B(e»)
u~~J = C(e)p + D(e) .

(4)

(5)

The radial traction vector in any point of the interphase can therefore be rewritten, taking
into account only the leading term, in the form:

(6)

From eqns (3) and (6) we immediately deduce that the leading terms of tractions at the
outer and inner boundary of the interphase coincide:

(7)

Let us now analyze the condition of displacement continuity. Following eqn (5), the
displacement jump between the outer boundary (p = 1) and inner boundary (p = 0) is
specified by the functions A(e) and C(e). Employing eqn (6) we obtain

(3) I (I) I _ 1 «1» IUr,O r~R+f.-Ur,O r~R - C*(Jrr Uo ,
rr r=R

(3) I (\) I _ 1 «I» I
Ue,o r~R+f.-Ue,O r~R - G* (Jre Uo ,

Or r=R

where we have assumed that the elasticity coefficients of the interphase go to zero as

(8)

(9)

(10)

Now we can expand first terms in eqns (8) and (9) in Taylor series (here we extend the
functions U~3), U~3) smoothly in the thin interphase) :

~ (3) I(3) _ (3) OU(·).o 2
U('),O Ir~R+f. - U('),O Ir=R+e;'1 +O(e ).

Ur r=R

(11)

Substituting the expansion (11) into (8) and (9), and considering only the coefficients of
zero order in e we obtain the interface conditions for a linear interface (viewed as a zero
thickness interphase)
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(3) I _ (I) I __1_ ((I)) I
Ur,O r~R Ur,O r~R - C* (Jrr Uo ,

rr r=R

(3) I _ (I) I __1_ ([)) I
UO,O r~R UO,O r~R - G* (Jre Uo .

Or r=R
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(12)

(13)

It follows immediately from expressions (7), (12) and (13) that across the linear interface
the tractions are continuous, but displacement jumps are possible. These jumps are related
to the tractions at the interface with the stiffness coefficients

Crr
S =-r ,

G

GeT
SO=-·

G
(14)

If we assume instead of eqn (10) that the elasticity coefficients of the interphase go to zero
as

(15)

the perfectly bonded interface conditions are obtained:

(16)

In closure of this Section, we note that a counterpart to the mathematical simplicity
of the linear interface model is the possibility of unphysical overlapping between matrix
and inclusion. This issue may be interesting, but is not addressed here (see, e.g. Achenbach
and Zhu, 1989; Gao, 1995).

3, CIRCULAR INCLUSION WITH IMPERFECT BONDING: LOADING AT INFINITY

An isotropic, linearly-elastic infinite plane is considered, which contains a circular,
isotropic linearly-elastic inclusion of radius R. Quantities related to the plane and to the
inclusion are denoted with indices + and -, respectively. According to this convention,
..1.+, 11+ and L, 11- are the Lame constants of the matrix and of the inclusion. The circular
inclusion is connected to the matrix with a linear interface, which, according to results of
previous Section, is characterized (at r = R) by

(J;:;: = (J;;', (J;ij = (J;e, (17)

(18)

where U is the displacement vector, function of point x, and Sr and Se are stiffness constants
of the interface, assumed not negative. When both these coefficients tend to infinity, perfect
bonding is recovered. In opposite, when Sr and Se are equal to zero, there is no connection
between inclusion and matrix, and the problem reduces to that of a cavity in an infinite
plane. Loading is prescribed at infinity by introducing a generic displacement field:

U(x) -> Uoo(x), as x -> 00,

which satisfies the Navier equations and is assumed to be representable as

where p and q are order N polynomial functions of the point (x], X2)'

(19)

(20)
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Condition (20), employed among others by Sendeckyj (1970), Yu and Sendeckyj
(1974) and Gong and Meguid (1993), is a generalization of the well-known condition of
homogeneous remote strain. In summary, the problem considered in the present paper is
to find a displacement field U satisfying the Navier equations in the matrix and in the
inclusion

,u+AU(X)+(A++,u+)VV'U(X) =0, xER2 \G,

/LAU(x)+(A_ +/L)VV'U(x) = 0, xEG, (21)

(where G is the region occupied by the inclusion), satisfying conditions (17) and (18) at the
interface, and corresponding to condition (20) at infinity. The standard technique for
solving two-dimensional problems reduces the boundary value problem to the calculation
of the complex potentials <p(z) and l/J(z). These have direct connection with the components
of the stress tensor and displacement (Muskhelishvili, 1953):

I. -- --
Vr+W o = 2,u e-10(K<p(Z) - Z<p'(Z) -l/J(z)),

O"rr + 0"00 = 2(<p'(Z) +<p'(Z)),

0"00 - O"rr + 2iO"ro = 2e2iO (z<p" (z) + l/J'(z)), (22)

where z = Xl+ix2 and K = (A+3,u)(A+,u)-1 for plane strain, K = (5A+6,u)(3A+2,u)-1 for
plane stress. The complex potentials <p and l/J are analytical functions in the region where
they specify the solution of the elastostatic problem. As a result, the solution is sought
employing the following representation of the complex potentials

+oc +oc

<p- (z) = I CkZ\ l/J - (z) = I dkz\
k~O k~O

which are analytic inside the disk of radius R, and

+00 +oc

<p+(z) = L ak~' l/J+(z) = I bkz\
k=-oo k=~·XJ

(23)

(24)

which are analytic in the outer region {X: R < J xi + x~ < + r:t:J} and have a pole at infinity.
The coefficients ako bk are defined from the conditions (20) at infinity for 0 :s:; k :s:; N, are
null for k > N (i.e. ak = bk = 0, for k > N), and are unknown to be determined for N
negative. These and coefficients Ck and dkcan be found from boundary conditions. In order
to rewrite the interface boundary conditions in terms of complex potentials, we note that
the continuity of traction at interface corresponds to the following condition:

cp + (z) + zCP/+ (z) + 1/1 + (z) = cp _ (z) +zcp'_ (z) + 1/1 _ (z), (25)

where z = Rew. Using the standard Muskhelishvili (1953) technique, the boundary integral
equations holding in the whole plane are deduced

J [<p+ (t) + tq;:(t)+~]dt = J [<p-(t) + tcp:::(t)+~] dt,
JL t-z JL t-z

J [q;::(i) + l<p'+ (t) + l/J +(t)] dt = J [cp:::(t) + l<p'_ (0 + l/J - (t)] dt , (26)
JL t-z JL t-z

where L denotes the circular boundary of the inclusion.



Dilute composites with imperfectly bonded inclusions 3245

Solving this system of equations via standard theorems on Cauchy-type integrals and
employing the expansion for the complex potentials eqns (23)-(24), condition (26) can be
transformed into

+CI:J +::fJ +oc

L ak Rk!,+ L kakRkz2-k+ I bkRkz- k
k= -'l) k~ -00 k~ -'l)

+oc' +oc' +00

= I Ck RkZk + L kCkRk Z2 -k + L dkR kz-k, Izl = 1. (27)
k=O k~O k~O

Collecting coefficients near the same powers of z yields the system of linear equations for
the unknown coefficients ab bb Cb dk :

where n E Z and coefficients am bn are known from conditions at infinity for n > 0, whereas
coefficients Cm dn are equal to zero for n < 0. More precisely, index n ranges between - N
and N.

Let us consider now the second boundary condition (18). Using the complex potential
representation, the radial and shearing components of the stress tensor can be rewritten in
the following form:

(Jrr = ep' (z) +ep'(z) - Re [e 2iO (zep"(z) + l/J'(z»],

(JrO = 1m [e 2iO (zep"(z)+lj/(z))].

Therefore, the boundary conditions (18) take the complex variable form:

or, more explicitly

(29)

(30)

S-S [e
iO

- e
iO

- ]+T 2/1+ (K+ep+(Z)-zep'r(z)-l/J+(z»- 2/1_ (K_ep_(Z)-zep' _(z)-l/J_(z»

= ep'r(z)+ep'r (z)_e- 2iO(zep: (z) +l/J'r (z». (31)

In terms of Cauchy integrals, system (31) can be written as:

Sr+SOr!: e-iO(K+ep+(t)-t~-Di5)dt _ Sr+sor!: e- i8 (K_ep_(t)-tq;'JJj-li/7i)dt

4/1+ JL t-z 4/1_ JL t-z

Sr - So f, ei8 (K+ ep+ (t) -lep'+ (t) -l/J + (t» dt+--
4/1+ L t-z

_ Sr-SOr!: ei8(L~-lep'_(t)-l/J_(t»dt

4/1- JL t-z

= r!: [ep'+(t)+~-e-2iO(t~+lf7:(t))]dt,
JL t-z
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Sr +Se,.( eiO(K+~ -lcp'+ (t) -tit+ (tn dt

4,11+ JL t-z

_ Sr +So,.( eiO(K_~ - tcp'_ (t) -tit _(tn dt

4,11- JL t-z

Sr -so ~ e-iO(K+ cp+ (t) - tcp'+ (t) -tit + (t)) dt+--
4,11+ L t-z

_ Sr-SO"( e-iO(Lcp_(t)-t~-~)dt

4,11_ JL t-z

=,.( [cpl+(t)+~-e2I8Ucp/~(t)+tIt'+(t))]dt. (32)
JL t-z

Taking the series expansion of eqn (32) and writing it on the circle of radius R, one gets:

+00 +00L jaiRJ-1 zi- I + L jtiiRJ-1 Zl-J
j=-Xl j=-x)

+00 +00
- L j(j-I)tiJRi-Izl-i- L jbiRJ-IZ-J-I, Izi = 1.

j=-oc j=-oo
(33)

After simplification and collection of coefficients near the same power of z in eqn (33), the
following system of linear equations is obtained

_ Sr+So( R"+I-(I-)- R,-n-d-R-n- I )4 K_Cn+1 nCl_n -n-I
,11-

Sr-SO _ I-n n+1 n-I
- -4~-(K_CI-nR -(n+ l)cn+IR -dn_,R )

,11-

= (n+ I)an+1Rn +(l-n 2 )ti l _ nR -n + (n + l)b_ n_ 1R -n-2, (34)

where coefficients an and bn are known from condition at infinity for n > 0, whereas
Cn = dn = °for n < 0. More precisely, index n ranges between - N - 1 and N - I.
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The linear system of eqns (28) and (34) can be solved, thus obtaining the complex
potentials coefficients (see Appendix), which represent the solution of our problem:

+ (sr + se)Rfl+fl- [en + I)(fl- - fl+) - (n - l)l~])

lln+IRZn(n+l) { Z + Z
+ D srseR r_(fl--fl+)-(Sr-se)R(K++I)fl+fl_

n

+ (sr +se)Rfl+fl- [(n+ l)(fl- - fl+) - (n-l)r~l -4(nZ
-l)fl~fl~},

b -2R ( )RZ srR(r:;-r~)-4fl+fl_
-1 - e a, ,

srR(r~ + fl- - fl+) +4fl+fl-

_ 4 SrSeR(K+fl_ -K-fl+) -2(sr+ Se)fl+fl-
b_ z = azR ,

srseRr~ +2(sr+Se)fl+fl-

- (ST + se)Rfl+ fl- [(fl+ - fl-)(n + I) + r~ (n - l)l

+ (Se -sr)Rfl+ fl- (K+ + 1)fl- - 4(nZ
- l)fl~ fl~}

-4nz(nZ- 1)fl~fl=- + 2(se - sr)R(nZ- 1)(K+ + 1)fl+ fl=-

-(sr+se)Rfl+fl_[2(K+ + l)fl- +nZ[(n-l)r~+(n+ l)(fl+ -fl-)]),

aor:; + bo(fl+ - fl-) 2llzR 3SrSO(fl + - fl- )r~
Co = + -------------

(K_ + I)fl+ (K_ + l)fl+ [srseRr~ + 2(sr+So)fl+fl-J

2llzRZ fl+fl_[2(sr+ So)(fl+ -fl_)+(Sr-Se)(K+ + l)fl-l
+ + '

(K_ + 1)fl+ [SrsORr _ + 2(sr + Se)fl+fl-J

Re(al)Rsr(K+ + l)fl- ./m(a,)(K+ + l)fl-
C1 = +1,

srR(r~ + fl- -11+) + 4fl+ fl- (K_ + 1)fl+

azRSrSO(K+ + l)fl-

d _ bor~ -ao(K+fl- -K-fl+)
o - (K_ + l)fl+

2azR 3SrSe[(L + l)fl+ (K+fl- -ILfl+) + (fl+ - fl- )l~J

(K_ + l)fl+[SrseRr~ +2(sr+Se)fl+fl-l

2azRzfl+fl_[(ST+Se)2r~-(Sr-Se)(K+ + l)fl-J
+ + '(K_ + l)fl+ [SrseRr _ +2(sr+ So)fl+fl-J
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where 2::::;; n ::::;; N+ 1, and

3.1. Homogeneous remote stressfield
The Eshelby condition of homogeneous stress at infinity, particularly relevant in

view of applications (two of which, regarding crack propagation and homogenization of
composite materials, are presented in Section 4) corresponds to a linearly varying dis
placement field. In this case, the general expression for the complex potentials becomes

<JJ+(z) = a1z+a_Iz- 1, 1jJ+(z) = blz+b_1z- 1 +b_ 3z-3,

<JJ-(z) = C1Z+C3Z3, 1jJ_(z) = dlz, (36)

where coefficients a l and bl are related to the conditions ~t infinity in the following way:

a_l = fj~~z {srsORzr:t:(JL -J.l+)+(sr+ so)RJ.l+J.l-(3(JL -J.l+)-r:t:)-12J.l~J.l~},

b
-2R ( )R zSrR(J.l-(K+-l)-J.l+(c-l))-4J.l+J.l-

-L - e a1 ,
srR(J.l+(K_ -1)+2J.l-)+4J.l+J.l-

- 4

b_ 3 = b~~ {srsORzr:t:(J.l_ -J.l+)-RJ.l+J.l-(sr+so)(r:t: -3J.l- +3J.l+)

-RJ.l+J.l-(sr-so)(L; +J.l- -J.l+)-12J.l~J.l~},

Re(adRsr(K+ + 1)J.l- .Im(al)(K+ + 1)J.l-
Cl = +1,

4J.l+J.l- +srR(J.l+(K_ -1)+2J.l_) (K_ + 1)J.l+

bl (SO-Sr)(K+ + 1)J.l~J.l+
C3 = RDz

d[ = bl R(K+ + 1)J.l- (srsORr:t: + 6srJ.l+ J.l-) ,
Dz

(37)

(38)
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where

As noted by Gao (1995), the Eshelby (1957) theorem, stating that the deformation
field is homogeneous inside the inclusion, holds if and only if C3 = O. Except for trivial
cases, this occurs when the stiffness in radial and tangential directions are equal, i.e.
Sr = Sa = s. In this case, the coefficients of complex potentials reduce to

d
l

= hI RS(K+ + l)/L .

sL;' R + 2J1+J1-
(39)

4. ASYMPTOTIC MODELS OF CRACK TRAJECTORY AND EFFECTIVE PROPERTIES OF
DILUTE COMPOSITES

Applications are presented of the solution obtained in Section 3 (in the specific case of
homogeneous remote conditions) to problems of crack propagation and homogenization
of a dilute suspension of imperfectly bonded, circular inclusions. These examples show the
strong effect of the interface conditions. Roughly speaking, the presence ofa finite interfacial
compliance yields a solution which is "intermediate" between the limit cases of zero and
infinite interfacial stiffness, corresponding to a circular cavity and a perfectly bonded elastic
inclusion, respectively. Both the applications presented are based on asymptotic solutions
bearing on the P6lya and Szego (1951) dipole representation of a finite defect in an infinite
plane (for a precise definition of this matrix, see Movchan and Movchan, 1995 and
Movchan and Serkov, 1997).

The P6lya-Szego matrix for circular inclusion with linear interface may be written as

(40)
o

o

2¢

21]
-¢+--

(K+-1)2

21]

21]
¢+ (K+ _1)2

21]
-¢+--

(K+ _1)2

o

where

(41)
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(42)

and q = ()'+ +p+)/(8n:p+U+ +2p+». In the particular case of equal radial and tangential
stiffness of the interface, S, = So = S, the constant ~ reduces to

~ = sR(p_-p+)-2p+p_.

sr+R+2p+p_

It should be noted that (R2/2q)~ (with multiplicity 2) and (R2/2q)11 are the two distinct
eigenvalues of g>. It can be therefore easily verified that when one of the eigenvalues of ;?j)

is negative in the limit s, = So -+ 00, i.e. for perfectly bonded interface, it remains negative
for any finite (positive) value of interfacial parameters s, and So. On the other hand, when
one of the eigenvalues of;?j) is positive in the limit s, = So -+ 00, it may always become
negative for a set of values of s, and So.

When matrix ;?j) is positive definite in the limit case of perfectly bonded interface, it
may happen that matrix ;?j) becomes identically zero for imperfectly bonded interface with
a proper choice of parameters s, and So. The condition of vanishing of matrix ;?j) can be
obtained imposing 11 = ~ = °and thus obtaining

(43)

and

(44)

Conditions (43) and (44) can be satisfied for non negative values of s, and So, and in this
case the inclusion does not affect the matrix (to the first order). To convince oneself of this
fact, it suffices to consider the particular case

P+ IP=-< ,
p-

0<13 < 2.

Under these assumptions, both eqn (43) and the denominator of the left-hand-side of eqn
(44) are positive. Moreover, it can be shown that

13 I
So> O,¢>P > B-2 + 2'

and this provides an example that eqns (43) and (44) can be verified for positive values of
interfacial stiffness parameters. It may be important to remark that Lipton and Vernescu
(1995) have obtained a similar result for homogenization of an elastic material containing
an arbitrary volume fraction of imperfectly bonded spherical inclusions, in the special case
s, = So = s. Their results can be recovered, in the present context, defining the "critical
inclusion radii"

(45)

and
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(46)

For given elastic properties of matrix and inclusion, and for given interfacial parameter s,
if the radius of the inclusion equals one of the two values R~ and R~, the P61ya and Szego
matrix f!JJ becomes singular [see eqns (41) and (42)]. In particular, when the radius equals
R~, we have ~ = O. If the two critical radii are equal to the radius of inclusion, then the
P61ya and Szego matrix vanishes. Formulae (45) and (46) were obtained using variational
methods by Lipton and Vernescu (1995) in the non-dilute case.

4.1. Crack trajectory
In a series of papers, Movchan and co-workers (see, Movchan and Movchan, 1995;

Valentini et al., 1997; and references cited therein), have given a framework for analyzing
the trajectory described by a crack in a brittle material as influenced by the presence of
generic defects. These defects deviate the crack path, which would be straight and under
mode I conditions in the absence of any defect. The formulation is based on asymptotic
analysis and is not repeated here (the interested reader is remanded to Movchan and
Movchan, 1995). The crack is assumed to be at a sufficiently large distance from the defect
(when compared to the defect size). To describe the generic crack tip position, a reference
system is introduced having axis XI coincident with the unperturbed (i.e. rectilinear) mode
I crack path. In this system, the position of the perturbed crack tip is singled out by
coordinates {I, H(l)}, where H is a function of the unperturbed crack tip position I. In the
specific case under consideration, i.e. for a defect consisting in a circular elastic inclusion
with linear interface, this function is:

(47)

where R is the radius of the inclusion and

with x~, x~ denoting the coordinates of the centre of the inclusion in the orthogonal
reference system having the XL axis coincident with the unperturbed crack trajectory.

It may be worth mentioning that function H(l) in eqn (47) reduces to that cor
responding to a circular void, for Sr = Sg = 0, and to that corresponding to a perfectly
bonded inclusion, for Sr = Sg ---> 00.

It should be noted that the crack may be attracted or repelled by the inhomogeneity.
For instance, an inclusion "stiffer" than the matrix repels the crack and a void attracts it.
More precisely, we say that a crack is attracted by an inclusion if its trajectory completely
lies on the side of the inclusion (with respect to the unperturbed crack path). Conversely,
the crack is repelled when its trajectory lies on the other side. Bearing this definition in
mind, attraction and repulsion are related to the eigenvalues of the P61ya and Szego matrix.
Positive (or negative) definiteness of the P61ya and Szego depends on inclusion radius R,
and on material and interfacial parameters /1+, /1-, K+, K_, Sg and Sr' For instance, when
Sr = So = S the P6lya and Szego matrix is positive definite when

I I 2
~-~>-

/1+ /1- sR'

K+ -1 K_ -1 4
----->-

/1+ /1- sR'
(48)

and negative definite when the above expressions have reverse inequalities. Otherwise, the
matrix [Jj! is indefinite. From the analysis of the eigenvalues of matrix f!JJ, it may be concluded
that:
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-if the crack is attracted in the limit case of perfectly bonded interface, it will be not
repelled for imperfectly bonded interface;

-if the crack deflection is partly positive and partly negative with matrix f!lJ indefinite, in
the limit case of perfectly bonded interface, it will be not repelled for imperfectly bonded
interface (i.e. matrix f!lJ will be indefinite or negative definite) ;

-if the crack is repelled in the limit case of perfectly bonded interface, the crack deflection
may be positive, negative, indefinite or zero for imperfectly bonded interface.

The above statements may have implications in the design of brittle composites
reinforced with tough inclusions. For instance, it may be concluded that imperfect interfacial
bonding may drastically reduce the effects of inclusion stiffness. It may be curious to note
that the condition for which the crack trajectory is zero at infinity, i.e. for I ~ 00, may be
written as

R 2

H(oo) = --0 1J = 0,
X2

(49)

and therefore only depends on the radial stiffness parameter Sr as specified by eqn (43).
Crack trajectories H(l)/xg vs crack tip position l/xg are reported in Fig. 1 in a non

dimensional form (i.e. divided by the coordinate xg of the centre of the defect). These are
the result of interaction with a circular elastic inclusion, positioned at (0,1), and bonded
with a linear interface. The stiffness of the interface enters in the non-dimensional form

, soxg
So =--.

/1+
(50)

For a better understanding of the figures, it may be useful to note that the crack trajectory
would be coincident with the horizontal axis in the trivial case where the inclusion is
suppressed. Various values of interfacial stiffness are considered, ranging between the
extreme cases of perfectly bonded interface S ~ 00 and circular void s = O. In the case of
Fig. 1, equal radial and tangential stiffness of interface has been considered, i.e. sr = So = s.
Fig. 1(a) pertains to an inclusion stiffer than the matrix (/1-//1+ = 100), whereas the opposite
situation of matrix stiffer than the inclusion (/1-//1+ = 1/10) is considered in Fig. l(b).
Moreover, k_ = k+ = 2 has been considered in both figures (a) and (b). Note that the two
rigidity ratios /1-//1+ = 100, 1/10 have been selected to give full evidence to results. A large
ratio between defect centre ordinate and inclusion radius has been used, and therefore small
crack deflections (divided by xg) result. It can be observed that the crack trajectory changes
even qualitatively, depending on the value of stiffness of the interface, for inclusion stiffer
than the matrix (Fig. 1(a)). In particular, the crack is attracted for small interfacial stiffness
and repelled when this is sufficiently high. In the opposite case of inclusion weaker than the

s=O

s = 10

s=OO

(" , .K_=K:,.=2

IUIl+=O·l

Rlx",=o.l

-3
6·10

-3
2·10

s=O

s= 10

...........
.......

: /" ....
il

/1
i/

..? s=40----..........t=....::....:,,~.~. '-'-'-'-'-'-~-";-ioo-
\ -----------

s=OO

o

5,10-3 Rlxo,=O.1

-3
-5·10

-10 (a) -5 0 5 l/X()2 10 -10 (b) -5 0 5 l/xo2 10

Fig. I. Crack trajectories H(l)/x~ vs crack tip position I/x~, resulting from interaction with a circular
elastic inclusion bonded with a linear interface with equal radial and tangential stiffness. Different
values of interfacial stiffness are considered. (a) The inclusion is stiffer than the matrix

(Il-/Il+ = 100), (b) the inclusion is weaker than the matrix (Il-/Il+ = 1/10).
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o-5-10 5 ,,10
lIx 2

Fig. 2. Crack trajectories H(l)/xg vs crack tip position l/xg, resulting from interaction with a circular
elastic inclusion stiffer than the matrix and bonded with a linear interface. Different values of
interfacial stiffness So are considered, for the same value of parameter s" producing zero deflection

of the crack path at infinity.

matrix (Fig. 1(b)), the effect of interfacial compliance is only quantitative, and the crack is
attracted for all values of s.

Three values of tangential stiffness So for the fixed value eqn (43) of radial stiffness
corresponding to null crack deflection at infinity are considered in Fig. 2. The stiffness of
the interface enters in the nondimensional form eqn (50) and the values So = 100,
So ~ 6.8345, and So = 0 are reported for sr ~ 40.4040. The P6lya-Szego matrix is identically
zero and crack remains straight when So ~ 6.8345. In the cases So = 0, 100, the P6lya-Szego
matrix is indefinite. The case 1£-/1£+ = 100 and k_ = k+ = 2 is considered. It can be noted
that the tangential stiffness parameter So strongly affects the crack path near the abscissa
corresponding to the inclusion centre. Moreover, as an effect related to the tangential
stiffness of interface, the curves may have reversed sign.

4.2. Effective moduli ofdilute composites
In this Section the homogenization technique for composites including small inclusions

with non-perfect interface is presented and discussed. A periodic distribution of isotropic
elastic defects in an isotropic-elastic matrix yields, in general, an anisotropic, elastic homo
genized material (see e.g. Nemat-Nasser and Hori, 1993). Following Movchan and Serkov
(1997), a periodic, dilute distribution of elastic defects may be described by a matrix £'*

of effective moduli representable in the form

(

A+ +21£+

£'* = £,0 + 82,q)l + 0(83), £,0 = A+

o 2~J (51)

where £'0 is the matrix of elastic moduli of the matrix material, ,q)l is the P6lya-Szego
matrix, normalized with respect to R 2 (i.e. the matrix given by eqn (40) in which R = 1),8
is the ratio between the radius of inclusion and the characteristic size of the periodic cell.
In terms of volume fractionf of the inclusions, defined as

(where C is the area of elementary cell and R is the inclusion radius) eqn (51) can be written
as
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(52)

a formula which is valid even beyond the condition of periodicity, including the dilute,
random, uniform distribution of iso-oriented defects.

For the given matrix q> eqn (40), corresponding to circular defects, the homogenized
material results to be isotropic and therefore defined by two independent elastic parameters.
Moreover, in the limits Sf = So = 0 and Sf = So -> 00, the effective moduli of a dilute dis
tribution of circular voids and perfectly bonded inclusions are recovered, respectively
(Nemat-Nasser and Hori, 1993, Sections 5.1.2 and 8.2.1). It can be interesting to analyze
how the effective moduli change under different interface conditions, for fixed geometry
and elastic properties of the composite. In other words, let us consider a given dilute,
periodic distribution ofcircular inclusions with imperfect bonding and take the two interface
stiffness parameters Sr and So as two variables ranging between zero and infinity. We remark
that this idea can be applied to inclusions of a general shape (yielding an anisotropic
material) and a corresponding surface in 3-D space can be constructed, associated with the
parameters describing effective moduli: the average Young's modulus E*, the bulk modulus
K*, and the shear modulus p.* :

(53)

where, referring to the plain strain case, E+ = (4p.+ (p.+ +A+))/(A+ +2p.+) and K+ = A+ + /1+.
Moreover, I1E, 11K, and 11p. are functions of the interfacial stiffness. In our particular case
of dilute distribution of circular inclusions, the material is isotropic, and only two of
parameters (53) are independent.

In terms of P6lya-Szego matrix (40), the perturbation in the elastic constants can be
expressed as

(

K _1)2 3-K
I1E= 2(P t ! +Pd -+--1 +(P11 +Pn - 2Pd--+

l
,

K+ + K+ +

(54)

where Pij denote the components of the P6lya-Szego matrix (with R = I).
The set of parameters (I1E, 11K, 11/1) describes the changes of the elastic moduli, and

may be represented as a point in a 3-D space. When the interfacial stiffness parameters are
changed, the point in 3-D space moves. Thus, all possible changes of the effective moduli
tensor can be specified via some domain in 3-D space (Luri and Cherkaev, 1987), which in
the specific elastic isotropic case under consideration may be anticipated to be a plane.
Considering the representation (54) for I1E, 11K, 11p. and formula (40) for P61ya-Szego
matrix, we can note that

where a, [3 and yare constants only depending on the elastic coefficients of the matrix.
Therefore, all points in the space (I1E, 11K, 11p.) can be characterized by the following
mapping

Y: {(s" so) -> (a(11 + 2~), [311, yO, Sf E [0, 00), So E [0, oo)}.

This is a one-to-one mapping having the following properties:

• Since the homogenized material is isotropic, all points (I1E, 11K, 11/1) lie on a plane having
normal vector of components ([3y, - ay, - 2a[3). Thus the region (s" so) : [0,00) x [0,00) is
mapped onto a 2-D domain. Note that the orientation of the plane only depends on the
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elastic properties of the matrix and is therefore independent of the elastic coefficients of
the inclusion.

• The domain representing all possible variations of the set (!iE, !iK, !iJl) due to changes in
the interface stiffness has vertices in the points where Sr and So are equal to °or tend to
infinity:
-Sr = So = 0:

- Sr = 0, So = 00 :

-Sr= oo,so=O:

-Sr=oo,SO=oo:

!iE= 2 (2(Jl--Jl+) + r:;:-r~ ),
q(K++l)2 r:;: r~+Jl--Jl+

r--r+
!iK = + - !iJl = Jl- -Jl+ .

2q(r~ + Jl- - Jl+ )(K+ _1)2' 4qr:;:

• The domain representing all possible points (!iE, !iK, !iJl) is bounded by two parallel
lines connecting the points corresponding to Sr = So = 0, Sr = 0, So = 00 and Sr = So = 00,

Sr = 00, So = 0. These lines are characterized by the condition 11 = const. and have normal
vector of components (a'l, 4(1.2P+Pi, - 2a2y). The other two boundaries of the area
are connected by two curves. In particular, an analysis of these yields the following
observations.
-Curve of the boundary connecting points Sr = So = °and Sr = 00, So = 0:

-Curve of the boundary connecting points Sr = So = 00 and Sr = 0, So = 00 :
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It can be therefore concluded that the set of points (I1E, 11K, 11/l) is convex when

2 r:t:(r:t: -r+-)
-3 r:t: - r:;: ~ /l+ - /l- ~ -----

3r:;:-r:t:

holds.

In closure of this Section, it may be important to mention that when condition ~ = 0 eqn
(42) is satisfied for positive values of Sr and So, the homogenized material has the same shear
modulus as the matrix. When 1J = 0 eqn (41) is verified for positive Sr and So, the bulk
modulus of the homogenized material and of the matrix are equal. Finally, when both eqns
(43) and (44) are satisfied, i.e. when ~ = 1J = 0, for positive interfacial stiffness parameters,
the inclusions do not have any influence on the properties of the composite (to first order
in the volume fraction). These results, obtained here in the dilute approximation, where
known for generic volume fraction of inclusions in the special case of equal radial and
tangential interfacial stiffness-i.e. in terms ofcritical radii, see eqns (45) and (46)-(Lipton
and Vernescu, 1995, Corollaries 4.3-4.6).

5. CONCLUSIONS

The problem of a circular elastic inclusion bonded with a linear interface to an infinite
elastic matrix has been solved under general conditions at infinity. These remote conditions
include, as special cases, the homogeneous and the bending stress fields. In order to give
full evidence to the strong effect related to imperfect bonding, the obtained solution has
been applied to problems of crack propagation and homogenization of dilute, periodic
composites. Results obtained in this article clearly demonstrate a strong influence of inter
facial conditions, particularly when the inclusions are stiffer than the matrix. The presented
solutions for crack trajectory and homogenization may be employed to analyze toughness
and stiffness of materials containing inclusions.

Acknowledgements-D.B. is grateful to Prof. Z. Mroz (Polish Academy of Sciences) for a fruitful discussion. M.V.
wishes to acknowledge the financial support of Italian MURST 40% (1996). D.B. is grateful for support from
Italian C.N.R. (contr. 96.02253.CT07.115.2771O). S.K.S. thanks the University of Bologna (Italy) for support
during his visit in December 1996. We also would like to thank referees for their comments and useful references.

REFERENCES

Aboudi, J. (1991) Mechanics of Composite Materials. Elsevier, Amsterdam.
Acerbi, E. and Buttazzo, G. (1996a) Reinforcement problems in the calculus of variations. Ann. Inst. Henri

Poincare, Analyse non Lineaire 3, 273-284.
Acerbi, E. and Buttazzo, G. (l996b) Limit problems for plates surrounded by soft material. Arch. Rational Mech.

Anal. 92, 355-370.
Achenbach, J. D. and Zhu, H. (1989) Effect of interfacial zone on mechanical behaviour and failure of fiber

reinforced composites. Journal of the Mechanics and Physics ofSolids 37, 381-393.
Bigoni, D., Ortiz, M. and Needleman, A. (1997) Effect of interfacial compliance on bifurcation of a layer bonded

to a substrate, International Journal of Solids and Structures 34, 4305-4326.
Eshelby, J. D. (1957) The determination of the elastic field of an ellipsoidal inclusion, and related problems.

Proceedings of the Royal Society of London A 241, 376-396.
Gao, Z. (1995) A circular inclusion with imperfect interface: Eshelby's tensor and related problems. Journal of

Applied Mechanics 62, 860-866.
Geymonat, G. and Krasucki, F. (1996) A limit model of a soft, thin joint. In Partial Differential Equations and

Applications, ed. P. Marcellini, G. Talenti and E. Vesentini, pp. 165-173. Marcel Dekker, New York.
Goland, M. and Reissner, E. (1944) The stresses in cemented joints. Journal ofApplied Mechanics Al7-A27.
Gong, S. X. and Meguid, S. A. (1993) On the elastic fields of an elliptical inhomogeneity under plane deformation.

Proceedings of the Royal Society of London A 443, 457-471.



Dilute composites with imperfectly bonded inclusions 3257

Hashin, Z. and Shtrikman, S. (1963) A variational approach to the theory of the elastic behaviour of multiphase
materials. Journal of the Mechanics and Physics of Solids 11,127-140.

Hashin, Z. (1990) Thermoelastic properties of fiber composites with imperfect interface. Mechanics of Materials
8,333-348.

Hashin, Z. (1991) Composite materials with viscoelastic interphase; creep and relaxation. Mechanics ofMaterials
11,135-148.

Hashin, Z. (1992) Extremum-principles for elastic heterogeneous media with imperfect interfaces and their
application to bounding of effective moduli. Journal of the Mechanics and Physics of Solids 40, 767-781.

Jones, J. P. and Whittier, J. S. (1967) Waves at a flexibly bonded interface. Journal ofApplied Mechanics 34,905
909.

Klarbring, A. (1991) Derivation of a model of adhesively bonded joints by the asymptotic expansion method.
International Journal of Engineering Science 29, 493-512.

Levy, A. J. (1991) The debonding of elastic inclusions and inhomogeneities. Journal of the Mechanics and Physics
of Solids 39, 477-505.

Lipton, R. (1997) Variational methods, bounds, and size effects for composites with highly conducting interface.
Journal of the Mechanics and Physics of Solids 45,361-384.

Lipton, R. and Vernescu, B. (1995) Variational methods, size effects and extremal microstructures for elastic
composites with imperfect interface. Mathematical Models and Methods in Applied Sciences 5, 1139-1173.

Lurie, K. A. and Cherkaev, A. V. (1987) On G-c1osure. J. Optimization Th. Appl., 53, 319-327.
Mal, A. K. and Bose, S. K. (1974) Dynamic elastic moduli of a suspension of imperfectly bonded spheres. Proc.

Camb. Phil. Soc. 76, 587-599.
Movchan, A. B. and Movchan, N. V. (1995) Mathematical Modelling of Solids with Non Regular Boundaries.

CRC Press.
Movchan, A. B. and Serkov, S. K. (1997) The P6lya-Szego matrices in asymptotic models of dilute composites.

Journal ofApplied Mathematics, in press.
Muskhelishvili, N. I. (1953) Some Basic Problems ofthe Mathematical Theory ofElasticity. Noordhoff, Groningen.
Nemat-Nasser, S. and Hori, M. (1993) Micromechanics: Overall Properties of Heterogeneous Materials. North

Holland Series in Applied Mathematics and Mechanics, 37, North-Holland.
P6lya, G. and Szego, G. (1951) Isoperimetric Inequalities in Mathematical Physics. Princeton.
Qu, J. (1993) The effect of slightly weakened interfaces on the overall elastic properties of composite materials.

Mechanics of Materials 14, 269-281.
Sendeckyj, G. P. (1970) Elastic inclusion problems in plane elastostatics. International Journal of Solids and

Structures 6,1535-1543.
Suo, Z., Needleman, A. and Ortiz, M. (1992) Stability of solids with interfaces. Journal of the Mechanics and

Physics of Solids 40, 613-640.
Tullini, N., Savoia, M. and Horgan, C. O. (1997) End effects in multilayered orthotropic strips with imperfect

bonding. Mechanics of Materials 26, 23-34.
Valentini, M., Serkov, S. K., Bigoni, D. and Movchan, A. B. (1997) Crack propagation in a brittle elastic material

with defects, submitted.
Yu, I. W. and Sendeckyj, G. P. (1974) Multiple circular inclusion problems in plane elasto-statics. Journal of

Applied Mechanics, Transactions of ASME 41,215-221.

APPENDIX

Equation (28) and eqn (34), holding for nEZ, can be rewritten as:

a'_nR '-n + (n+ I)iin +, Rn+' +bn_, R n- I = cl_nR '-n + (n+ I)cn+I R n+I +dn- IRn-I,

al+nRI+n+(I-n)iil_nRI-n+b_n_IR-n-1 = cI+nR'+n+(I-n)c'_nRI-n,

s,+s,,( Rn+' (I )- RI-n b- R-n-I) s,+s,,( Rn+1 (I )- R I - n)
-4-K+a"+1 - -na'_n - -n-1 --4--K_Cr/+1 - -ncl_n

~ ~-

s,+s,,( R-n+1 (I )- R I+n b- R n- I) s,+s,,( R-n+1 (1+)- R I+n d- R n- I)--K+a_n+1 - +nal+ n - n-1 --4--K~C-n+l - nCI+ tl - n-I
4~+ ~_

s,-s,,( _ RI+n (I) R-n+1 b R-n- I) s,-So( , R'+n (1-) R-n+l)+-- K+a'+n - -n a_n + 1 - -n-I - 4 K_(I+" - n C_ 1I + 1
4~+ ~_

= (I-n)a_ H IR -n + (I +n')ii l +nRn + (I-n)bn_ 1Rn-',

where nE[-N-I,N-I].
Solving the system for n = 0 yields the coefficients C I and b.b whereas for n = I coefficients co, do, C" b_ 2 are

obtained. Coefficients a l -n' b-n-" cn+b dn_ 1 can be easily obtained for the appropriate values of n ;:. 2. In
particular, for n = 2, the coefficients a_I> b_ J, C3, d, are obtained:
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where
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- 4

b_ 3 = b~~ {s,soR2r:+:(jL -J1.+)+s,RJ1.+J1._(2(jL -J1.+)-r: -r:;:)

+4s,RJ1.+J1._(J1.+ -J1.- +r: +2r:;:)

-4soRJ1.+Jl_ (4(Jl+ - Jl_)+r: -r:;:)+48Jl~Jl~},

Jl_(K++l){ 2 _ ]}
C 3 = RD

2
b i J1.+Jl_(so-s,)+a 3R [s,soRr + +2Jl+Jl_(2so-s,) ,


